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Abstract
We consider three regions with different public health conditions. In the absence
of migration among these regions, the first two have good health conditions and the
disease free state is stable; for the third region, on the other hand, the only stable
state is the endemic one. When migration is included in the model, we assume that
the second region has a disease risk that makes its inhabitants prone to accept to
be vaccinated, while the population in the first region tends to reject the vaccina-
tion, considered riskier that the disease. Therefore, the second region is a “buffer
zone” between the two extremal regions. We study the basic reproductive ratio as a
function of the vaccination in all regions and migration among them. This problem
is studied numerically, showing explicit situations in which migration will have an
overall positive effect in the disease dynamics, with and without vaccinations. We
also find explicit formula in the limit of small (“closed borders”) and high migration
(“open borders”).
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1 Introduction
Compartmental models, SIR model being one of the most important examples, consider
no other differences between individuals beyond disease status. Despite their simplicity,
these models have provided important insight into disease transmission and control, e.g.
the possibility to eradicate a disease without vaccinating the entire population, a concept
know as “herd immunity”. However, as no structure is introduced in the population, there
is no information on who, where or when to vaccinate. To answer these questions, models
structured by age, sex, risk-groups, coinfection, contact patterns, seasonality and/or spatial
distribution, among other relevant characteristics, have been proposed. See textbooks and
references works, e.g., [1, 2, 3] for these and many other examples.
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In this work we have turned our focus to space heterogeneity and its coupling with
rational human behaviour with respect to vaccination, in a deterministic SIR model. Re-
cently the introduction of space heterogeneity in compartmental models has been gaining
increased recognition [4, 5, 6, 7].
Many recent works have also included human behaviour into epidemiological models.
Some of these models assume that individuals choose to be vaccinated or not depending on
the perceived risk of the vaccine relative to the risk of disease. Previous works show that
assuming rational behaviour (i.e., risk minimization) of the population it is impossible to
eliminate the disease for constant transmission rate [8, 9, 10] or for a time-periodic trans-
mission function [11]. To the best of our knowledge, however, no model in the literature
considers spatial heterogeneity along with individual behaviour.
We consider a patch model in order to accommodate space heterogeneity and human
behaviour. Patch models with explicit movement can be tailored to mimic diffusive move-
ment of individuals [12] and are easier to analyse and suitable to investigate the imple-
mentation of control measures for different regions [13, 14, 15, 16]. Successful application
to malaria [17] and HIV [18] have been conducted.
In this work, no explicit dynamics in the human behaviour is considered. However, the
human behaviour in each patch is rational in the sense that the entire population accepts to
be vaccinated or not according to the comparison of the perceived risk both of the disease
and of the vaccine, which is assumed to be highly effective. Therefore a population accepts
to be vaccinated only if the risk of getting the disease in a given patch is above a certain
threshold, and does not accept otherwise.
We consider three neighbouring patches, corresponding to different transmission inten-
sities, a first and second regions for which health conditions are good, i.e., such that in
the absence of migration the disease free state is stable, and a third region where there
is sustainable local transmission of the disease, represented by a stable endemic state in
the SIR model. When migration is introduced in the model, the population in the second
region will accept to be vaccinated, due to the proximity to the endemic region, but the
population in the first region will still reject being vaccinated due to the rarity of local
transmission.
The model is summarized by saying that there is local sustained transmission and vac-
cination refusal in the first region; no local sustained transmission, but vaccine acceptance
in the second region, and finally, sustained transmission and vaccine acceptance in the
third region.
We use this framework to compute the basic reproductive ratio. Despite being possible
to obtain the analytical expression of R0, this expression is far too intricate to allow a
simple analysis. Hence, we use large and small diffusion approximations of R0, to have
insight in the parameters region that allow disease eradication. We also perform numerical
simulations and we derive conditions to achieve disease elimination.
Our main goal is to find parameters allowing disease elimination by vaccinating only
areas for which the local population is prone to accept vaccination, given the inter-region
migration rate. As a secondary goal, we also want to understand the role of migration in
the disease dispersion.
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The paper is organized as follow: we finish the introduction revising SIR model with
constant coefficients, in order to fix notation. In section 2 we study the full model and
prove the existence of the basic reproduction ratio R0 and the existence of a unique disease
endemic equilibrium for R0 > 1, which is locally asymptotically stable. In section 3
we discuss how to jointly use vaccination and open borders to control an epidemic. In
particular, we consider the level curves of R0 as a function of the vaccination in the second
and third regions and of migration between all regions. Finally, we discuss our findings in
section 4.
1.1 SIR models with vaccination
In order to fix notation and terminology, we start by recovering some known facts from
spatially homogeneous S(usceptible)-I(nfectious)-R(ecovered) model. Let S, I and R de-
note the total number of susceptible, infectious and recovered individuals respectively,
and let the real constant parameters β > 0, µ > 0 and γ > 0 be the transmission rate,
death/birth rate and recovery rate, respectively. The so called SIR model is given by
S ′ = −βSI + µ(N − S), I ′ = βSI − (µ + γ)I, R′ = γI − µR. Due to the fact that the
total population S+ I +R = N is constant, it is customary to ignore one of the equations,
in our case, the equation for R. The so called basic reproductive rate R0 := βNγ+µ , is such
that if R0 ≤ 1 the disease free state (i.e., the equilibrium state (S0, I0), with I0 ≡ 0) is
asymptotically stable and if R0 > 1 the epidemic state (i.e, the equilibrium state (S1, I1)
with I1 > 0) is the only stable state.
Adult vaccination is included subtracting a vS term in the first equation and adding a
correspondent term in the last one. Therefore, we introduce
R0[v] = 1
N
S0[v]R0[0] ,
where R0[0] = βNγ+µ , the basic reproductive number for a totally non vaccinated population
and S0[v] =
µN
µ+v
, the number of susceptible at equilibrium in the disease free state. The
coefficient R0[v] is such that the disease free state is asymptotically stable if and only if
R0[v] ≤ 1, otherwise the epidemic state is the only stable state. The minimum vaccination
able to guarantee long term stability of disease-free state is given by vmin := max{0, µ(R0−
1)}.
2 Metapopulation model
We use the notation “-”, “0” and “+” to identify the three regions described in the
Introduction. Regions are classified according to different transmission rates and dis-
ease/vaccination risk: the first region, “−”, has no local sustained transmission and vac-
cination refusal; the second region, “0”, has no local sustained transmission, but vaccine
acceptance; and third region, “+”, we have sustained transmission and vaccine acceptance;
see Fig. 1. We define λ−, λ0 and λ+, to denote the relative size, which is proportional the
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Region “-” Region “0” Region “+”
d− d+
λ− λ0 λ+
Figure 1: Schematic representation of the three region model classified according to dif-
ferent transmission rates and disease/vaccination risk. It is assumed that, the first region
”−” has no local sustained transmission and vaccination refusal; the second region ”0” has
no local sustained transmission, but vaccine acceptance; and finally, in the third region
”+”, we have sustained transmission and vaccine acceptance. The relative size of the three
regions are denoted by λ−,0,+, respectively, and d± indicates the migration rate between
adjacent sites.
number of individuals living in each region in the stationary state. The model can be writ-
ten as a system of 3× 3 ordinary differential equations (ODE), corresponding to one SIR
model for each region. Let S−,0,+, I−,0,+, R−,0,+ be the fraction of susceptible, infectious and
recovered individuals in regions “-”, “0” and “+”, respectively. The rate of vaccination in
each region is given by v−,0,+ and the transmission rate is given by β−,0,+. We consider two
different diffusion rates d− and d+, between regions “-” and “0”; and regions “0” and“+”,
respectively.
The model can be written as the following system of ODEs
S ′− = µλ−N − β−I−S− − (v− + µ)S− + d−(λ−S0 − λ0S−) , (1)
I ′− = β−I−S− − (γ + µ)I− + d−(λ−I0 − λ0I−) , (2)
R′− = γI− − µR− + v−S− + d−(λ−R0 − λ0R−) , (3)
S ′0 = µλ0N − β0I0S0 − (v0 + µ)S0 + d−λ0S− − (d−λ− + d+λ+)S0 + d+λ0S+ , (4)
I ′0 = β0I0S0 − (γ + µ)I0 + d−λ0I− − (d−λ− + d+λ+)I0 + d+λ0I+ , (5)
R′0 = γI0 − µR0 + v0S0 + d−λ0R− − (d−λ− + d+λ+)R0 + d+λ0R+ , (6)
S ′+ = µλ+N − β+I+S+ − (v+ + µ)S+ + d+(λ+S0 − λ0S+) , (7)
I ′+ = β+I+S+ − (γ + µ)I+ + d+(λ+I0 − λ0I+) , (8)
R′+ = γI+ − µR+ + v+S+ + d+(λ+R0 − λ0R+) . (9)
We define N+,0,− = S+,−,0 + I+,0,− + R+,0,−. Total population N(t) = N−(t) +N0(t) +
N+(t) is constant. For each region we have
N ′− = µ(λ−N −N−) + d−(λ−N0 − λ0N−) ,
N ′0 = µ(λ0N −N0) + d−λ0N− − (d−λ− + d+λ+)N0 + d+λ0N+ ,
N ′+ = µ(λ+N −N+) + d+(λ+N0 − λ0N+) .
Hence, if we assume that the total population is initially uniformly distributed, i.e. N−,0,+(0) =
λ−,0,+N , then N−,0,+(t) = λ−,0,+N for all t ∈ R+.
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Furthermore, we assume that the transmission rates, β−,0,+, are such such that the basic
reproductive ratio, in the absence of diffusion and vaccination, verifiesR−0 < R00 < 1 < R+0 ,
where R−,0,+0 = β−,0,+S−,0,+γ+µ = β−,0,+λ−,0,+Nγ+µ , i.e., without migration, regions “-” and “0”
would have no sustained transmission and in region “+” disease would be endemic.
2.1 Model analysis
Consider the disease-free solution of system without vaccination, i.e., equations (1)–(9)
with I−,0,+ ≡ 0 and v−,0,+ ≡ 0. In this case:
0 = µλ−N − µSdf− + d−(λ−Sdf0 − λ0Sdf− ) ,
0 = µλ0N − µSdf0 + d−λ0Sdf− − (d−λ− + d+λ+)Sdf0 + d+λ0Sdf+ ,
0 = µλ+N − µSdf+ + d+(λ+Sdf0 − λ0Sdf+ ) .
It is clear that at the disease-free equilibrium without vaccination, Sdf−,0,+ = λ−,0,+N .
To obtain the disease-free equilibrium with vaccination we rewrite equation (1), (4)
and (7) with I−,0,+ ≡ 0, i.e.,
(v− + µ+ d−λ0)S− − d−λ−S0 = µλ−N ,
−d−λ0S− + (v0 + µ+ d−λ− + d+λ+)S0 − d+λ0S+ = µλ0N ,
−d+λ+S0 + (v+ + µ+ d+λ0)S+ = µλ+N .
that can be written, in the matrix form, as the linear system DSˆ = µNΛ, Sˆ = (S−, S0, S+),
Λ = (λ−, λ0, λ+) and
D =
v− + µ+ d−λ0 −d−λ− 0−d−λ0 v0 + µ+ d−λ− + d+λ+ −d+λ0
0 −d+λ+ v+ + µ+ d+λ0
 .
From explicit calculations, we find that D−1 is entrywise positive, and therefore Sˆ =
µND−1Λ is uniquely defined and entrywise positive. Finally, we conclude that,
Proposition 1. System (1)–(9) has a unique disease free equilibrium.
The exact solution will shed no light on this particular problem so we omit it. Latter,
we will present the expression up to the first order in the diffusion coefficients.
Following [19], the basic reproduction number of system (1)–(9) is given by the spectral
radius of the next generation matrix FV −1,
R0[v] = ρ(FV −1), v := (v−, v0, v+) ,
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where
F =
β−Sdf− 0 00 β0Sdf0 0
0 0 β−Sdf+
 and
V =
γ + µ+ d−λ0 −d−λ− 0−d−λ0 γ + µ+ d−λ− + d+λ+ −d+λ0
0 −d+λ+ γ + µ+ d+λ0
 .
Let
Γ =
{
(S−,0,+, I−,0,+) ∈ R3×2 : S−,0,+ + I−,0,+ ≤ λ−,0,+ and S−,0,+ ≤ Sdf−,0,+
}
.
Note that Γ invariant under the flow of system (1)–(9). Let Γ˚ denote the interior of Γ and
∂Γ its boundary. We finish this section with the following stability result:
Theorem 1. Consider the model (1)–(9). For d− and d+ > 0, there exist R0[v] such that
1. if R0[v] ≤ 1, then the disease free equilibrium is global asymptotically stable, and
2. if R0[v] > 1, then the disease free equilibrium is unstable and there is a unique
endemic equilibrium that is locally asymptotically stable in Γ˚.
Proof. We use the notation of [20], and define Λi = µλ−,0,+N , dSi = v−,0,+ + µ and d
I
i = µ
and matrices A = B =
(
0 d−λ− 0
d−λ0 0 d+λ0
0 d+λ+ 0
)
, which are irreducible for d− and d+ > 0.From [20,
Proposition 3.2], we conclude the existence of a locally asymptotically stable endemic
equilibrium P ∗ = (S∗−,0,+, I
∗
−,0,+) ∈ Γ˚. Stability results follow from [20, Theorem 4.1(3)].
3 “Open borders”, vaccination and epidemic control
Structural changes in the epidemic dynamics, as e.g., the use of other prophylactic measures
that results in decreased transmission rate β, may be implemented but are not the main
concern of the present work, in which we focus only in vaccination and migration. In
this section, we will study the parameter region that prevents an outbreak (i.e., able to
make the disease-free state stable). We assume that diffusion between regions is equal
d = d+ = d−.
Using a computer-algebra software (namely, Maple 13), we obtain asymptotic expres-
sions for the basic reproductive ratio in the limit d→ 0 and compare with the limit d→∞
of the basic reproductive ratio, in order to have an heuristics in the behaviour of R0 as a
function of migration.
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Lemma 1. Consider the disease free-state of the system (1)–(9) and let Sdf−,0,+[v] be the
solution with vaccination given by v = (v−, v0, v+). Assume furthermore that in the limit
of null migration limd→0R0[v] ≥ 1.. Then, up to first order in d 1, we find
R0[v] = λ+Nβ+µ
(γ + µ)(µ+ v+)
[
1− dλ0
(
1
γ + µ
+
1
v+ + µ
− 1
v0 + µ
)]
+O(d2) .
In the limit of large migration, we find
lim
d→∞
R0[v] = µN(β−λ
2
− + β0λ
2
0 + β+λ
2
+)
(γ + µ)[(µ+ v−)λ− + (µ+ v0)λ0 + (µ+ v+)λ+]
.
Proof. For the limit of small d, we compute the three eigenvalues of the matrix FV −1. In
the limit d → 0, these are R−0 [v−], R00[v0], and R+0 [v+]. We assume that for d  1, the
spectral ratio of FV −1 will be given by the eigenvalue representing an order d perturbation
of R+0 [v+] := µλ+Nβ+(γ+µ)(v+µ) , from which the first result follows. For the limit d → ∞, we find
that 2 eigenvalues of FV −1 converge to 0, and therefore, the spectral radius is given by
the limit of the third eigenvalue.
As a direct consequence of the previous result, we have a situation for which a small
migration d 1 will decrease the value ofR0, and for some parameter combination, simply
opening the borders might eliminate the epidemic. Of course, R0 gives information of the
global behaviour of the system, i.e., R0 does not give information about the dynamics of a
single patch, which means that even if the global situation becomes better with a larger d
(i.e., a smaller R0), if R0 is still larger than one, individuals in the left region, and possibly
in the central one, may be refractory to increase d.
Corollary 1. If
1
γ + µ
+
1
v+ + µ
− 1
v0 + µ
> 0 ,
then, the introduction of a small motility between regions will decrease the overall basic
reproductive ratio. In particular, in the absence of vaccination, the overall effect of a
small, but positive, diffusion, is to decrease the basic reproductive ratio.
A second important corollary shows that the effect of large migration may be positive,
depending on the specific parameters of the problem.
Corollary 2. Assume(
β0λ0
β+λ+
− µ+ v0
µ+ v+
)
λ0 +
(
β−λ−
β+λ+
− µ+ v−
µ+ v+
)
λ− < 0 . (10)
Then there is dc large enough such that for d > dc, R0[v] < lim
d→0
R0[v]. In particular,
equation (10) is true if
max
{
β0λ0
µ+ v0
,
β−λ−
µ+ v−
}
<
β+λ+
µ+ v+
.
7
If we assume a positive migration d > 0, sustained transmission in the third region
makes it possible to get disease from a migrant, therefore, the risk in each region will
depend on the disease dynamics in the adjacent regions. In particular, we will consider
a scenario in which the risk in the middle region is such that the population accepts to
be vaccinated (as is the case in the third region), while the population in the first region,
due to real or imaginary perceived vaccination risks, do no accept to be vaccinated. Note
that migrants in the first region come exclusively from the second region, where there is
no sustained transmission. Therefore, the second region is a “buffer zone”.
Figure 2 shows the curves R0[v] = 1, with v = (0, v0, v+), for different values of d
and for two different parameter sets. Note that in the limit d→ 0, the vaccination in the
second region, v0, becomes irrelevant for the dynamics. For d > 0, and v+ > 0, but still
insufficient to prevent the outbreak, it may be possible (depending on v+) to increase only
v0 such that R0[v] < 1, i.e., an outbreak can be prevented with extra vaccination only
on the “buffer zone”. For large d the curves R0[v] = 1 converge to straight lines, with
inclination depending on the model parameters, representing the fact that an increase in
v0 and v+ have a linear effect in the overall dynamics. In Fig. 2 (above) the diffusion alone
is not able to prevent the outbreak, while in the example below, this is the case.
4 Discussion
This work is concerned with the study of epidemiological dynamics in metapopulation, in
which the environment is naturally divided in three regions: in the first and second regions,
there is no sustained disease transmission. However the existence of migrations between the
second region and the third one (with, say, poor sanitary conditions) may bring sporadic
cases of the disease to the second and, as consequence, the migration between the first
and the second may still bring rare cases to first region. Therefore, assuming that the
population in the first region is not willing to be vaccinated, we study different scenarios,
involving migration between sites and vaccinations in the second and third regions such
that outbreaks can be prevented, bringing the basic reproductive ratio R0 below 1.
In a distinct interpretation of the same model, the second region can work as a “buffer
zone”. We study critical vaccination coverages in the the second and third regions, that
are able to prevent disease spread, without vaccinating the population in the first region.
There are some clear limitations in our model. The first one is that a large number
of migrants (specially in the limit d → ∞) can change the sanitary conditions of the des-
tination, therefore changing the value of the transmission rates β−,0,+, that we assumed
constant. Furthermore, in all analytical and numerical studied we assume the same migra-
tion rate between both regions and that the migration rate does not depend on the disease
status.
With minor modifications, all analysis presented here could be changed to consider
d+ 6= d−. However, in section 3, we opt for d+ = d−, because this made both the analytical
and the numerical analysis simpler.
Even though our model does not include any dynamics – rational or not – for the human
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Figure 2: R0[v] = 1 with v = (0, v0, v+) as function of v0 (x axis) and v+ (y axis), for differ-
ent values of d. The stable disease free region is above the corresponding line. We consider
in all examples γ = 52, µ = 1/80. In the left pictures we show the behaviour for small
diffusion (the thick line indicates the limit d→ 0), while in the right pictures, we show the
behaviour for large diffusion; in this case, the thick line indicates the limit d→∞. Above
we divide the domain in λˆ := (λ−, λ0, λ+) =
(
1
2
, 1
10
, 2
5
)
and βˆ := (β−, β0, β+) = (30, 75, 400),
implying in Rˆ0 := (R−0 ,R00,R+0 ) ≈ (0.10, 0.14, 3.08), in the absence of vaccination and dif-
fusion. In particular, in the absence of vaccination R0|d=0 = 3.08 and R0|d→∞ = 1.28. The
lines indicates diffusion equal to 1, 0.5, 0.25, 0.1, 0.05, 0.02 (left) and 10, 100, 1000, 10000
(right). Below: λˆ =
(
1
3
, 1
3
, 1
3
)
, βˆ = (30, 150, 200), implying in Rˆ0 ≈ (0.19, 0.96, 1.28). It
is clear, in this case, that the required vaccination to extinguish the disease will be much
smaller. In fact, for v = 0, limd→∞R0 < 1 and therefore the increased diffusion will be
enough to make the disease free state stable, even in the absence of vaccination. We plot
the critical line R0 = 1 for d equals to 0.1, 0.02, 0.01, 0.002 (left) and 10, 100 (right).9
behaviour, we hope it can provide some insights on the importance of including this kind
of structure in epidemiology systems. Finally, we did not study vaccination costs. This,
however, can be made without difficulty, minimizing the vaccination cost in the region
above the curve R0 = 1, given d, in figure 2.
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